Abstract. In this paper, we consider the completeness and the contraction property in metric spaces and show that the contraction property implies Lipschitz-completeness or arcwise-completeness in a metric space. However, in a metric space, the contraction property does not imply the usual completeness. We prove that a locally Lipschitz-connected metric space has the contraction property if and only if it is Lipschitz-complete and that a locally arcwise-connected metric space is arcwise-complete if and only if X has the strong contraction property.
Introduction
Many authors have considered the topological characterization and the equivalence of the contraction property (see [1] - [6] , [8] ). In [7] , Kirk showed that the Caristi fixed point theorem holds only in a complete metric set and Sullivan [9] showed the same for the Ekeland principle. These lead naturally to the question whether a metric space with the contraction property is complete.
Borwein [1] proved the interesting result that a uniformly Lipschitz-connected subset (such as a convex subset of a normed space) has the contraction property if and only if the subset is complete. This implies that a normed space is complete if and only if every contraction on the space has a fixed point. In [1] , Borwein also showed that one cannot hope to extend this result much, as the following examples illustrate (see, Examples 3, 4 in [1] ). Example 1.1. There exists an incomplete nonuniformly Lipschitz-connected subset of the Euclidean plane with the contraction property. Let C = {(x, y)|0 < x ≤ 1, y = sin(1/x)}.
Example 1.2.
There exists an incomplete starshaped subset of the Euclidean plane with the contraction property. Let
In fact, Examples 1.1, 1.2 show that the sufficient and necessary condition fails if "uniformly Lipschitz-connected" is replaced by "Lipschitz-connected" or "starshaped". Thus, in a metric space, we are led to ask what completeness the contraction property can guarantee and under what conditions it implies that the contraction property is equivalent to completeness.
In this paper, based on Lipschitz-completeness and arcwise-completeness, we show that a metric space has the contraction property only if the space is Lipschitzcomplete and the converse remains true in Lipschitz-connected spaces. Our proof of Lipschitz-completeness of the space depends on the technique used by Borwein [1] to construct a contraction map. Furthermore, in the sense of equivalent metric, we prove that an arcwise-connected metric space has the strong contraction property if and only if the space is arcwise-complete.
Preliminaries
Let (X, d) be a metric space. X is said to be of the contraction property if and only if for any selfmap T on X, T has a fixed point whenever T is a Banach contraction under the metric d. X is said to be of the strong contraction property if and only if for any selfmap T on X, T has a fixed point in X whenever T is a Banach contraction under some metric d * uniformly equivalent to d. Let us say that a subset C of the metric space X endowed with a metric d is uniformly Lipschitz-connected if there exists a positive constant L such that given any x 0 and x 1 in C there exists an arc g :
for 0 ≤ s, t ≤ 1 (see [1] ). It is easy to see that a uniformly Lipschitz-connected space is Lipschitz-connected but the converse is not true (see [1] ). A subset C of X is said to be locally arcwise-connected (respectively, locally Lipschitz-connected) if there is some δ > 0 such that for any x 0 and x 1 in C there exists an arc (respectively, a Lipschitz arc) g linking x 0 and
This implies g is a Lipschitz arc. L i is also Lipschitz-connected and there is a Lipschitz arc in C linking x 0 and x 1 . Hence C is Lipschitz-connected.
In particular C = {L α : α ∈ I} is Lipschitz-connected whenever {L α : α ∈ I} is a family of Lipschitz-connected subsets of a metric space whose intersection is nonempty. Therefore a starshaped subset of a normed space is Lipschitz-connected. It is easy to check that the subsets of Examples 1.1, 1.2 are Lipschitz-connected. The following example is also a Lipschitz-connected subset. Example 2.3. Let C be a subset of the Euclidean plane defined by (1) X is said to be arcwise-complete if for each semi-closed arc g :
(2) X is said to be Lipschitz-complete if for each Lipschitz semi-closed arc
Remark 2.1. Arcwise-completeness is weaker than usual completeness even if in an arcwise connected space, so is Lipschitz-completeness (see Examples 1.1, 1.2 and 2.3). It is obvious from the definitions that Lipschitz-completeness is weaker than arcwise-completeness.
It is well known that X has usual completeness if and only if F n = ∅ whenever {F n : n ∈ N } is a sequence of nonempty closed subsets of X with F n+1 ⊂ F n and diam(F n ) → 0. Concerning Lipschitz-completeness and arcwise-completeness, we have the following properties. 
Proof. (i)"⇒": Let X be an arcwise-complete space. {F n : n ∈ N } is a sequence of arcwise-connected and nonempty closed subsets of X with F n+1 ⊂ F n and diam(F n ) → 0. For each F n , choose x n ∈ F n and an arc g n : [0, 1] → F n such that g n (0) = x n+1 , g n (1) = x n . Define g : (0, 1] → X as follows:
This implies from diam(F n ) → 0 that g is a semi-closed arc in X. The arcwisecompleteness of X implies lim s→0 g(s) = x ∈ X. For each n ∈ N , since F n is closed and g(s) ∈ F n for all s ∈ (0, 1 2 n ], x ∈ F n , say F n = ∅. "⇐": Let X be the completion of X. Suppose that X were not arcwise-complete. Then there exists some semi-closed arc g in X such that lim
It is easy to check that {F n : n ∈ N } is a sequence of arcwise-connected and nonempty closed subsets of X with F n+1 ⊂ F n and diam(F n ) → 0. So F n = ∅, say x ∈ F n ⊂ X, which is a contradiction.
(ii) Similar to the proof of (i), we only need to replace "arcwise-connected" by "Lipschitz-connected". Proof. Let X be the completion of X and g : (0, 1] → X be a Lipschitz semi-closed arc. Then
The contraction property and Lipschitz-completeness
Set lim s→0 g(s) = x ∈ X and let h : X → [0, 1] be given by d(x, x) ) .
Define g(0) = x ∈ X and X = X ∪ {x}. Then g extends to a mapping satisfying
T is a metric contraction (with contraction constant
x is the unique fixed point of T in X . Finally observing that T : X → X and T is also a metric contraction on X, we have that the unique fixed point x of T is in X and this completes the proof.
In [1] , Borwein remarked with some examples that the contraction property holds in some incomplete metric spaces (see Examples 1.1, 1.2). Theorem 3.1 shows that the contraction property cannot ensure usual completeness but can ensure Lipschitz-completeness.
Theorem 3.2. A locally Lipschitz-connected metric space has the contraction property if and only if it is Lipschitz-complete.
Proof. From Theorem 3.1, it remains to show that if X is Lipschitz-complete, then X has the contraction property. Let T : X → X be a metric contraction with contraction constant 0 ≤ h < 1. Note that T is contractive. Select x 0 in X with d(x 0 , T x 0 ) < δ and arc g 0 : [0, 1] → X which connect x 0 and T x 0 in Lipschitz fashion as in (1) 
On each interval of the form (
Since 0 < h < 1 and lim
. Thus by (3.2) and the continuity of g, we have
Finally observing that T is metric contraction and that g 
The contraction property and arcwise-completeness
In this section, we consider the equivalence relation between completeness and the contraction principle in the sense of the equivalence metric. 
Define T : X → X by T = g • h. It is easy to check that T is uniformly continuous and Tx =x. Furthermore, for each x ∈ X, we have
